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In all n(≥ 3)-dimensional gravitation theories whose Lagrangians are functions of the Riemann
tensor and metric, we prove that static solutions are absent unless the total energy-momentum
tensor for matter fields is of type I in the Hawking-Ellis classification. In other words, there is
no hypersurface-orthogonal timelike Killing vector in a spacetime region with an energy-momentum
tensor of type II, III, or IV. This asserts that ultra-dense regions with a semiclassical type-IV matter
field cannot be static even with higher-curvature correction terms.
PACS numbers: 04.20.–q, 04.20.Cv, 04.50.+h
Hawking and Ellis classified an energy-momentum ten-
sor Tµν into four types (type I–IV) depending on the
properties of its eigenvectors in a four-dimensional space-
time [1]. Remarkably, this classification into four types
is also valid in arbitrary n(≥ 3) dimensions [2, 3]. Prop-
erties of the eigenvectors of type I–IV energy-momentum
tensors are summarized in Table I. Based on this, we
will prove non-existence of static solutions for type II,
III, and IV matter fields in a wide class of gravitation
theories in this letter.
TABLE I: Eigenvectors of type I–IV energy-momentum ten-
sors. (See appendix in [4].)
Type Eigenvectors
I 1 timelike, n− 1 spacelike
II 1 null (doubly degenerated), n− 2 spacelike
III 1 null (triply degenerated), n− 3 spacelike
IV 2 complex, n− 2 spacelike
A static spacetime is defined by a hypersurface-
orthogonal timelike Killing vector ξµ and its metric can
be written as
gµνdx
µdxν = −Ω(y)−2dt2 + gij(y)dyidyj , (1)
where yi = xi (i = 1, 2, · · · , n − 1) are spacelike coordi-
nates, t = x0, and ξµ(∂/∂xµ) = ∂/∂t. First we show the
following lemma for the later use.
Lemma 1 Consider a gravitation theory with the field
equations Eµν = Tµν in n(≥ 3) dimensions. If E0i = 0
holds for the spacetime (1), there is no solution with an
energy-momentum tensor Tµν of type II, III, or IV.
Proof. E0i = 0 gives T0i = 0 by the field equations, which
shows that a timelike Killing vector ξµ(∂/∂xµ) = ∂/∂t
is an eigenvector of Tµν . As seen in Table I, only type I
admits a timelike eigenvector among all the Hawking-
Ellis types.
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In this letter, we focus on a class of gravitation theories
described by the following action:
S =
1
2
∫
dnx
√−gf(Rµνρσ , gµν) + Sm, (2)
where f is an arbitrary function of the Riemann tensor
Rµνρσ and metric g
µν . By the variational principle, the
action (2) gives the field equations Eµν = Tµν [5], where
Tµν is obtained from the matter action Sm and
Eµν = R(µλρσF¯ν)λρσ − 2∇ρ∇σF¯ρ(µν)σ −
1
2
fgµν. (3)
Here F¯µνρσ is defined by
F¯µνρσ :=1
2
(F [µν][ρσ] + F [ρσ][µν]), (4)
where
Fµνρσ := ∂f
∂Rµνρσ
. (5)
Now we present our main theorem.
Theorem 1 There is no static solution in a gravitation
theory (2) if the energy-momentum tensor Tµν is of type
II, III, or IV.
Proof. Since independent non-zero components of the
Riemann tensor in the spacetime (1) are Rijkl and R0i0j ,
independent non-zero components of F¯νλρσ are F¯0i0j and
F¯ ijkl by Eqs. (4) and (5), which shows R(0λρσF¯ i)λρσ = 0.
On the other hand, since independent non-zero compo-
nents of the Christoffel symbol in the spacetime (1) are
Γ00i, Γ
i
00, and Γ
i
jk and F¯νλρσ depends only on yi, one can
show ∇ρ∇σF¯ρ0iσ = ∇ρ∇σF¯ρi0σ = 0 by direct calcula-
tions. By these results and g0i = 0, E0i = E0i = 0 is
concluded. Then, the theorem follows from Lemma 1.
Theorem 1 is a generalization of the claim in [8] in
general relativity with n = 4. The action (2) describes a
wide class of gravitation theories containing general rel-
ativity, Lovelock gravity [9], f(R) gravity [10], the most
general quadratic gravity [11], and so on. An example of
the theories not described by the action (2) is topologi-
cally massive gravity (TMG) in three dimensions [12]. In
2TMG, the assumption E0i = 0 in Lemma 1 does not hold
in general.
Among all the Hawking-Ellis types, type-III and type-
IV matter fields inevitably violate all the standard energy
conditions [4]. While a perfect fluid is a well-known type-
I matter field, a Maxwell field and a minimally coupled
scalar field can be type I and II [13, 14]. Theorem 1
shows that solutions must be stationary or dynamical in
a region where such a matter field becomes type II. In
particular, solutions with spherical, planar, or hyperbolic
symmetry must be dynamical.
Also, a null dust is a typical type-II matter field and
its generalization to include a spin of the null source,
namely a gyraton [15], is type III [16, 17]. By Theo-
rem 1, a spacetime cannot be static with such a matter
field. Note, however, that static solutions are possible
with multiple matter fields of type II, III, or IV if the
total energy-momentum tensor becomes type I [18].
Lastly, any type-IV classical matter field is not known.
However, renormalized expectation values of the energy-
momentum tensor are often of type IV [19, 20]. Our
result asserts that ultra-dense semiclassical regions with
a single type-IV matter field cannot be static even with
higher-curvature correction terms in the action (2).
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